ABSTRACT The pair-defect-sum approximation to the bond strength of a hybrid orbital (angular wave functions only) is compared to the rigorous value as a function of bond angle for seven types of bonding situations, with between three and eight bond directions equivalent by geometrical symmetry operations and with only one independent bond angle. The approximation is seen to be an excellent one in all cases, and the results provide a rationale for the application of this approximation to a variety of problems.
The quantum mechanical treatment of the electronic structure of molecules has great value. For all except the simplest molecules, it is so difficult to carry out a thorough calculation as essentially to prevent its application. One simplification in the theoretical discussion of the nature of the bonds formed by an atom is to assume that the bond-forming strength of an atomic orbital is proportional to the amount of overlap of the orbital with a bond orbital of an adjacent atom. The amount of overlap increases with increase in the concentration of the bond orbital in the bond direction. A second approximation was made by one ofus in 1931. This approximation is based on the knowledge that the radial parts of the atomic orbitals involved in the formation of hybrid bond orbitals are not much different for the different atomic orbitals, so that the assumption that they are the same does not lead to great error. Accordingly attention is, focused on the angular distribution of the bond orbitals. The strength, S, of a bond orbital was defined as the value in the bond direction of the angular part of the bond orbital, normalized to 4ir over the surface of a sphere (1, 2) . A number of sets of bond orbitals were discussed in this way (1, 2) . Hultgren then attacked the general problem of the best possible sets of sp3d5 orbitals (3) . The mathematical problem was, however, too difficult to handle before computers had been developed, and Hultgren made a simplifying assumption, the assumption of cylindrical symmetry of the bond orbitals. This assumption led to the erroneous conclusion that sets of more than six bond orbitals would not be well suited to bond formation. Nearly 40 years later the general problem of the best set of nine spd bond orbitals was attacked by McClure (4). He found one excellent set of nine hybrid bond orbitals, all with strength close to the maximum possible, 3. Because of the difficulty in carrying out the calculations rigorously for large sets oforbitals, an approximation was then suggested. This [2] [3] where x = cos2 (a/2). For sp3 hybrid orbitals, the maximum strength Sma=, 2, is found at the tetrahedral bond angle 109.470; for sp3d5 hybrid orbitals, Smax = 3 at a = 73.15°and a = 133.620; and for sp3d5f hybrid orbitals, Smax = 4 at a = 54.88', 100.43°, and 145.37° (1, 6) .
The approximation that has been proposed for calculating the strength of hybrid bond orbitals in a set is that the defect in the strength ofa bond orbital (the difference between the maximum value and the value for the orbital) is equal to the sum of the defects, given by Eqs. 1-3, corresponding to the several bond angles formed by the orbital with the other bonds in the set (5, 6) . Thus, the approximate bond strength Sapprox is given by [4] where Smax and SO are for the appropriate basis set and the summation is over the angles that a reference orbital makes with all the other orbitals.
This pair-defect-sum approximation has been subjected to a limited test (6) . We now have subjected it to an extensive test by comparing the values of the strength given by the approximation with those given by the exact treatment ofthe seven sets of equivalent, normalized, and mutually orthogonal bond orbitals with between three and eight orbitals equivalent by geometrical symmetry operations and with only one independent bond angle between the various bond directions.
The seven sets are three bond directions related by a 3-fold axis (trigonal pyramid), four bond directions related by a 4-fold axis (tetragonal pyramid), four bond directions toward the corners of a tetragonal bisphenoid, six bond directions toward the corners of a trigonal prism, six bond directions toward the corners of a trigonal antiprism, eight bond directions toward the corners ofa tetragonal prism, and eight bond directions toward the corners of a tetragonal antiprism.
For each of these cases, the exact bond strength S has been derived by the rigorous application of the requirements of normalization and orthogonality of the hybrid bond orbitals, followed by variation according to the Lagrange method of undetermined multipliers to evaluate the hybridization coefficients so as to give the maximum value of the bond strengths in the derived directions (1, 6 The publication costs ofthis article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U. S. C. §1734 solely to indicate this fact.
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In each case the reference hybrid orbital 4i has been chosen so that it has the maximum allowed value at the polar angle 60 in the xz plane (4) = 00).
There are some limitations on the sets that can be formed from a given basis set. For example, if in a set of n equivalent orbitals there is a center of symmetry, the orthogonality requirement leads to the conclusion that the number of even orbitals contributing to the set must be equal to the number of odd orbitals. This theorem leads immediately, for example, to the conclusion that eight equivalent orbitals directed toward the corners of a tetragonal prism cannot be formed by spd hybridization because there are only three odd orbitals (the three p orbitals) in the basis set.
Values of the strength as a function of a characteristic bond angle, calculated by the rigorous method, are shown by the solid curves in Figs. 1-7. The dashed curves show the values calculated by the pair-defect-sum approximation (Eq. 4). It is seen that the errors introduced by the approximation are not very great. The maximum values ofthe exact bond strength are given in Table 1 .
In the following list we present the reference hybrid orbital for each case. In addition, the average percent error (Err) = 100% * ([S -Sapprox]/S) is presented. 
For the special case of a = 1200, S5p = 1.9916 (composition:
S/6p5/6), Spd = 2.9873 (s0 7p0 3%5d0.4769), and Sspdf = 3.9860 (s0.0769p0 1912do0m7fo"4462) (Fig. 1 ).
Tetragonal pyramid (C4V)
For four bond directions related by a 4-fold axis ofthe first kind, the reference orbital qi has two orbitals at angle a, = 2 [px(6, O)px(6, 4) + dxz(O0, 0)dxz(6, o)]}. [8] sp3d5f7 basis [(Err) = 0.102% (40°' < a, <900)].
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A square planar system occurs for a, = 900; in this situation, Sspd = 2.9430 (s"/9P1/2d7/8) and Sspdf = 3.9543 (s/9p3/20-d7/18f7/20) (Fig. 2) . The former value is the same as that obtained by Kuhn (7). [10] [11]
[12]
For the sp3 basis set, the hybrid orbitals are completely determined by symmetry, and SS, has its maximum value of 2 at a, = 109.47°and Sep = 1.7247 at a, = 180°(square planar) (Fig.   3 ). [16]
The special case of the regular octahedron occurs for a1 = 90°; here S. d = 2.9240 (sI"6pl"2d1/3), in agreement with the result of 1931 (1) , and Ssdf = 3.9353 (s1/6p3/20d/3f"2o). It is interesting to note that for both basis sets, S has a local minimum for the octahedron (Fig. 5 ). For the sp3d5 basis, the hybrid orbitals have the general composition sx/8p3/8d(5-x)/8. The absolute maximum of SSPd = 2.9884 occurs at a1 = 76.32° (Fig. 7) -that is, when the corners of the tetragonal antiprism are at an angle of 60.90°with the tetragonal axis, in agreement with Racah's result for the best set of eight equivalent spd hybrid orbitals (8) .
From Figs. 1-7, it is seen that the pair-defect-sum approximation to the bond strength seems to be an excellent one over the range of chemically significant bond angles. The difference between the rigorous bond strength and the approximate one is in all cases small. Moreover, the maxima in S as predicted by the pair-defect-sum approximation are near to or coincident with the exact maxima. For a given symmetry, the larger the basis set the better is the approximation, and the agreement between S and Sapprox is better for systems with a smaller number of bonds, as expected.
In view ofthe efficacy of the pair-defect-sum approximation, we are proceeding with its application to some problems of interest, especially the problem ofthe best set of nine equivalent spd orbitals.
